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Abstract Surface wrinkling, a film bonded on a pre-strained elastomeric substrate
can form periodic wrinkling patterns, is a common phenomenon in daily life. In existing
theoretical models, the film is much thinner than the substrate so that the substrate can
be considered to be elastomeric with infinite thickness. In this paper, the effect of finite
substrate thickness is analyzed theoretically for free boundary condition cases. Based on
the minimum potential energy principle, a theoretical model is established, and the wave
length and amplitude of the wrinkling pattern are obtained. When the thickness of the
substrate is more than 200 times larger than the thickness of the film, the results of this
study agree well with the results obtained from the previous models for infinite substrate
thickness. However, for thin substrates, the effect of finite substrate thickness becomes
significant. The model given in this paper accurately describes the effect of finite substrate
thickness, providing important design guidelines for future thin-film-on-substrate systems
such as stretchable electronic devices.
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1 Introduction

Surface wrinkling is a common phenomenon in daily life. Wrinkling instability is usually
considered to be problematic in most applications. However, in some cases, wrinkling can be
used to form unique and useful features in optics, electronics mechanics, etc. The wrinkling
patterns with such features can be used to enable important applications in many fields such
as material metrology and chemosynthesis[1–5].

One method to get the beneficial wrinkling patterns with periodical features is using thin-
film-on-elastomer system. A stiff thin film bonded to the surface of a soft substrate, e.g.,
polydimethylsiloxane (PDMS), can buckle to form periodic wrinkling patterns when the sub-
strate is compressed[6]. Many methods are used to form such wrinkling patterns. Many studies
have taken the advantage of the surface oxidation of PDMS by exposing it to UV-ozone or
oxygen plasma. These processes create a stiff silica-like material on the surface of the PDMS
to form thin-film-on-elastomer system[7–11]. Another robust and controlled process is to fabri-
cate thin-film structures, and then transfer and print them onto the surface of a pre-strained
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PDMS substrate[12–14]. The pre-strain relaxation can compress the thin-film to form wrinkling
patterns.

One important application of wrinkling patterns is stretchable electronic devices. The wrin-
kling of thin monocrystalline silicon thin films on elastomers allows the system to be as flexible
as soft tissues[15]. Then, it can be reversibly stretched and compressed to large strain without
damage. Khang et al.[16] and Jiang et al.[17] produced, for the first time, such systems with
PDMS as the substrates.

A few important mechanics models have been developed to study buckling patterns. A
model based on a linear perturbation theory is firstly established to determine the critical
membrane force causing buckling and the wavelength of wrinkles. In these studies, the wave
amplitudes are not determined[18–19]. A few other theoretical models are then introduced to
further analyze such problems[20]. Based on the one-dimension (thin-film ribbons or uniaxial
loadings on a thin-film plate) model with sinusoidal wrinkles, Chen and Hutchinson[21] obtained
the wavelength analytically, and found out that, for two-dimension situations (thin-film plate
under biaxial loadings), there were several forms of wrinkles such as labyrinths (disordered
zigzag wrinkles), checkerboard, and herringbone modes. They proved that the herringbone
mode had the minimum energy among all buckling modes. Song et al.[22] established an ana-
lytical approach to study the checkerboard and herringbone buckling modes, obtained the wave
length and amplitude of the wrinkling pattern, and proved that the herringbone mode had
the lowest energy. There are also studies focusing on other aspects of wrinkling system, e.g.,
the effects of the materials of the film and substrate and the wrinkle evolution on viscoelastic
substrates[23–25].

From the theoretical analysis for relatively small compression (or pre-strain), the wavelength
and amplitude of the wrinkling pattern are obtained as follows:

A = tf

√
εpre

εxc

− 1, (1)

λf =
πtf√
εxc

, (2)

εxc =
1
4

(3(1 − ν2
f )Es

(1 − ν2
s )Ef

) 2
3
, (3)

where A is the amplitude of the wrinkling patterns, and λf is the wavelength. Ef and Es are
Young’s moduli of the film and the substrate, respectively, and νf and νs are Poisson’s ratios
of the film and the substrate, respectively. tf is the thickness of the film. εpre is the pre-
strain applied to the system, and εxc is the critical strain. It is noteworthy that the buckling
wave length only varies with the material properties (Young’s moduli and Poisson’s ratios of
the film and the substrate) and the film thickness. The amplitude is related to the material
properties, the film thickness, and the pre-strain of the system. When the pre-strain increases,
the wavelength remains constant, while the amplitude changes accordingly.

In most theoretical models, the film is regarded as a plate, and the substrate is usually simpli-
fied to be a semi-infinite elastomer[26–27], because the thickness of the substrate (centimeters) is
3–5 orders of magnitude larger than that of the film (sub-microns). Huang et al.[26] established
an analytical model for finite substrate thickness when the bottom of the substrate is bonded
to a rigid support, and obtained an analytical solution for the wavelength and amplitude of the
wrinkles.

In the important applications of wrinkling patterns such as stretchable electronic devices,
the film-on-elastomer system is usually integrated with the biological tissues such as human
brain, skin, and heart. Under such conditions, the thickness of the products should be very
small, e.g., < 100 μm. In these cases, the substrate can no longer be treated as semi-infinite.
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Therefore, a model is established to describe the wrinkling system with a substrate of finite
thickness. In this model, the bottom surface of the system is free (see Fig. 1).

Fig. 1 Schematics of analytical model

2 Analytical model

A Cartesian coordinate system is established with the x-axis on the interface between the
film and the substrate and the y-axis along the thickness direction (see Fig. 1). The thicknesses
of the film and the substrate are denoted as tf and ts, respectively, and N = ts/tf is the thickness
ratio.

The displacements in the substrate are expressed by the variable separation method as
follows:

us(x, y) = u(x)f(y), (4)

vs(x, y) = v(x)f(y), (5)

where u(x) and v(x) are determined by known boundary conditions, and f(y) is the decay
function which will be solved.

The strains in the substrate can be obtained as follows:

εxs =
∂us

∂x
, (6)

εys =
∂vs

∂y
, (7)

γxys =
∂us

∂y
+

∂vs

∂x
, (8)

εxs = u′(x)f(y), (9)

εys = v(x)f ′(y), (10)

γxys = u(x)f ′(y) + v′(x)f(y). (11)

The normal and shear stresses can be obtained as follows:

σxs = Es1εxs + Es2εys , (12)

σys = Es2εxs + Es1εys , (13)

τxys = Gsγxys . (14)
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For the plane strain case, we have

Es1 =
Es

1 − ν2
, (15)

Es2 =
Esν

1 − ν2
, (16)

Gs =
Es

2(1 + ν)
, (17)

where Es, ν, and Gs are Young’s modulus, Poisson’s ratio, and the shear modulus of the
substrate, respectively.

The variation principle for the substrate is expressed as follows:

∫ 0

−ts

∫ l

0

(∂σxs
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∂y

)
δusdxdy +
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−ts

∫ l

0

(∂σys
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)
δvsdxdy = 0, (18)

where

δus = u(x)δf(y), (19)

δvs = v(x)δf(y), (20)

and l is the length. When only one wavelength is considered, l = λf .
Substituting Eqs. (4) and (5) into Eq. (18), we get
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∂x

)
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)
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From Eqs. (6)–(14) and (21), we can obtain a second-order homogeneous differential equation
as follows:

af ′′(y) + bf ′(y) + cf(y) = 0, (22)

where

a = Gs

∫ l

0

u2(x)dx + Es1

∫ l

0

v2(x)dx, (23)

b = (Es2 + Gs)
∫ l

0

v′(x)u(x)dx + (Es2 + Gs)
∫ l

0

u′(x)v(x)dx

= (Es2 + Gs)
∫ l

0

(u(x)v(x))′dx

= (Es2 + Gs)(u(l)v(l) − u(0)v(0)), (24)

c = Es1

∫ l

0

u′′(x)u(x)dx + Gs

∫ l

0

v′′(x)v(x)dx. (25)

The eigenvalue of Eq. (22) can be determined by

aλ2 + bλ + c = 0. (26)
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Thus, f(y) can be expressed by

f(y) = α1eλ1y + α2eλ2y, (27)

where

λ1,2 =
−b ±√

b2 − 4ac

2a
. (28)

At the interface between the film and the substrate y = 0, based on the continuity condition,
we have

f(0) = 1. (29)

Thus, we get

α1 + α2 = 1, (30)

f(y) = α1eλ1y + (1 − α1)eλ2y. (31)

The other three edges are free. Therefore, we can write the corresponding boundary condition
as follows: ∫

Cf

((σxs cos θ + τxys sin θ)δus + (τxys cos θ + σxs sin θ)δvs)dS = 0, (32)

where Cf means the integration path along the side edges and the bottom. Transforming
Eq. (32) to the boundary conditions along the side edges and bottom, we get

−
∫ 0

−ts

σxsu(0)δf(y)dy +
∫ l

0

σysv(x)δf ′(−ts)dx +
∫ 0

−ts

σxsu(l)δf(y)dy = 0. (33)

From Eq. (31), we have

δf(y) = (eλ1y − eλ2y)δα1. (34)

From Eqs. (33) and (34), we get

mα1 + n = 0,

where
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∫ 0

−ts

(λ1eλ1y − λ2eλ2y)(eλ1y − eλ2y)dy,
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n = − Es1u
′(0)u(0)
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−ts

eλ2y(eλ1y − eλ2y)dy

− Es2u(0)v(0)
∫ 0
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Thus, f(y) can be determined if the material properties and wrinkling form of the wrinkling
system are given.

The strain energy of the substrate is

Us =
1
2

∫ ∫
(σxsεxs + σysεys + τxysγxys)dxdy. (35)

The strain energy per unit length is

Us =
1

2λf

∫ λf

0

∫ 0

−ts

(σxsεxs + σysεys + τxysγxys)dxdy. (36)

All the terms in Eq. (36) can be determined once the material properties and wrinkling
pattern parameters are given. Thus, the strain energy of the substrate can be determined.

The strain energy of the thin film consists of two parts, i.e., the membrane energy and the
bending energy.

According to the continuity of the displacement at the interface, the displacements of the
film are just the same with those at the top of the substrate, which are u(x) and v(x).

For a wrinkling pattern system with sinusoidal wrinkles, the specific form of v(x) can be
easily obtained as follows:

v(x) = A sin(kx), (37)

where A is the amplitude of the wrinkling pattern, and its wavelength λf is

λf =
2π

k
. (38)

The bending energy of the film is

Ub =
Eft

3
f

24λf

∫ λf

0

(d2v(x)
dx2

)2

dx = −A2π4Ef

3λf
4 (tf)3, (39)

where

Ef =
Ef

1 − ν2
f

. (40)
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To obtain the membrane energy of the film, the membrane strain εmem must be determined.
The membrane strain can be solved from a model of the elastic von Karman plate[29] by

εmem =
A2π2

A2
f

− εpre, (41)

which is constant along the x-axis.
Then, u(x) can also be determined by

u(x) = εmemx. (42)

The membrane energy can be obtained by

Um =
Ef

2λf

∫ λf

0

(εmem)2dx =
tf
2

Ef

(A2π2

λ2
f

− εpre

)2

. (43)

The total energy of the system is

Utot = Um + Ub + Us. (44)

The wrinkling configuration can be obtained by minimizing the total energy with respect to
the amplitude and wave length, i.e.,

∂Utot

∂A
= 0,

∂Utot

∂λf
= 0. (45)

3 Results and discussion

The numerical method is used to find the wrinkling configuration under certain conditions.
The material properties in the study are as follows. For the substrate, Young’s modulus

Es is 2MPa, and Poisson’s ratio νs is 0.48. For the film, Young’s modulus Ef is 130GPa, and
Poisson’s ratio νf is 0.27.

As previously described, the key point in this study is the free boundary condition and the
finite substrate thickness. Figure 2 shows the function f(y) for different thickness ratios N . The
vertical axis in Fig. 2 denotes the value of f(y), and the horizontal axis denotes the y-position
percentage with zero for the top surface of the substrate and 100% for the free bottom surface.
Figure 2 shows that, when N is relativity small, e.g., N = 50, f(y) does not reach zero even
at the bottom of the substrate. This indicates that, for small N , the behavior of the wrinkling
system apparently differs from the systems within finite substrate thickness. When N is larger
than 200, the value of f(y) at the bottom surface is very close to zero (less than 5% error).
When N increases to 500, the displacement at the bottom surface decays to almost zero, which
is similar to the case of infinite substrate thickness.

Fig. 2 Decay function f(y) in thickness direction for various values of N
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The following study is concentrated on the cases of N < 500. Three kinds of film thickness,
i.e., 150nm, 200nm, and 250nm, are studied in this paper. With the infinite thickness substrate
model in Ref. [21], the amplitude and wavelength in the wrinkling system can be obtained from
Eqs. (1)–(3). For the given material properties, the wrinkling parameter can be obtained as
follows: A = 0.974 μm, and λf = 32.9 μm.

Figures 3 and 4 show the variations of the buckling amplitude and wavelength versus the
thickness ratio N . It is obvious that when the thickness ratio is relatively small, the results
in this study differ greatly from the results for infinite substrate thickness[21] (20% to 30%
difference). Both the amplitude and wavelength for finite substrate thickness are larger than
those obtained by the infinite thickness model, especially when N < 200. Therefore, the
assumption of semi-infinite elastomer substrate is not valid anymore when N < 200. The results
converge quickly to that with infinite thickness substrate when N > 200. When N > 200, the
decay function (or the displacements) decays to almost zero at the bottom surface, and is
approximately the same as the infinite boundary condition.

Fig. 3 Variations of wavelength versus thick-
ness ratio N

Fig. 4 Variations of amplitude versus thick-
ness ratio N

A calculation is made with the same material parameters with the previous model. Figures
5 and 6 show the variations of the amplitude and wavelength versus various levels of pre-strain
when N = 500. From the figures, we can see that, when N = 500 or the substrate thickness
is very large, the results obtained based on the model in this study agree very well with those
obtained based on the previous infinite thickness model[21], which verify the validity of this new
model. The amplitude is proportional to the pre-strain, while the wavelength remains constant
for various levels of pre-strain, which are consistent with the expressions in Eqs. (43) and (44).

Fig. 5 Variations of wavelength versus pre-
strain

Fig. 6 Variations of amplitude versus pre-
strain
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The variations of the amplitude and wavelength with different pre-strain are discussed below
when the thickness ratio is very small, e.g., N = 50. Figures 7 and 8 show that the tendency does
not change when the thickness ratio decreases, indicating that the wavelength of the wrinkling
pattern depends only on the material properties of the film and the substrate. When larger
pre-strain is applied on the system, the wavelength of the wrinkling pattern remains constant,
while the amplitude increases.

Fig. 7 Variations of wavelength versus pre-
strain when N = 50

Fig. 8 Variations of amplitude versus pre-
strain when N = 50

4 Concluding remarks

An analytical model for the wrinkling of thin-film-on-elastomer system with finite substrate
thickness is established. The wave length and amplitude of the wrinkling pattern are determined
analytically. The results indicate that, when the thickness ratio is less than 200, the effect
of finite substrate thickness becomes significant, and both the amplitude and wavelength are
much larger than those obtained from infinite thickness models. Similar to the case of infinite
substrate thickness, the wavelength is independent of the pre-strain even when the substrate
thickness is very small.
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